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Estimation of Transfer Functions Using the Fourier

Transform Ratio Method
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The advent of fast Fourier transform computational methods such as the Cooley-Tukey
fast Fourier transform digital computer algorithm and coherent optical Fourier transform
techniques have made computationally feasible the well-known Fourier transform ratio
method of estimating transfer functions. This method estimates the transfer function
by taking the ratio of the Fourier transform of finite length samples of input and response
measurements. First the probability density of the error term for this method is derived
in the case where the input and response are looked at as sample functions of stationary
stochastic processes. Then the probability density of the error term is derived in the case
where the input and response are transient in nature and hence must be considered as deter-
ministic processes. An averaging method is then suggested to reduce the error term and a
means for obtaining the probability that the error term is within certain limits is indicated.

Nomenclature b; = Fourier coefficient
C = maximum value of the error term
«; = Fourier coefficient D(7) = lag window ~ )
«? = variance of a; and b; Er(w) = error term in the estimate Hs(w) where the input
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and response signals are 7" sec long

E'r(w) = error term in the stationary case due to random
noise

E'p(w) = error term in the stationary case due to systematic
noise
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E'r,(») = random component of the error term in the case of
transient inputs

E’r,(w) = systematic component of the error term in the case
of transient inputs

Er(w) = portion of the error term which is a random variable

K = constant to adjust the probability density of E'7(w)
to account for the fact that E'7(w) is bounded

H(w) = transfer function

Hi(w) = transfer function relating z.(¢) to z;(¢) in a multiple
input linear system

[, {w) = Fourier transform ratio method estimate of H;(w)

Hi(w) = estimate of H(w) equal to S.2(0)/S.(w) + Snzlw)/
Sz(w)

Hi(w) = estimate of H(w) equal to Zr(w)/Xr(w) + Er(w)

n(t) = noise in the measured data

n'(t) = random noise

n''(t) = gystematic noise

Nr(w) = Fourier transform of a sample function of n(t)
which is T sec in duration

N'r(w) = Fourler transform of a sample function of n'(t)
which is 7" sec long

N'"7(w) = Fourier transform of a portion of n’/(t) which is T
seclong

) = angular frequency

wg = fundamental frequency of the Fourier expansion of
a portion 7' sec long of a stochastic process 2 /T')

Qn = area under the autocorrelation function of n’(¢)

Q. = area under the autocorrelation function of x({)

R.(7) = estimate of the autocorrelation of a stochastic pro-
cess x(t)

R,.(7) = estimate of the cross correlation of stochastic pro-
cesses 2(t) and 2(t)

Szw) = estimate of the power spectrum of x(¢)

S.z(w) = estimate of the cross spectrum of 2(¢) and z(¢)

52 = variance of Er(w)

o'? = variance of F'r(w)

''? = variance of E' r(w)

7t = time variables

T = sample length

T, = length of lag window D(r)

(1) = stochastic process representing wind gust velocities

x;(t) = input entering the 7th port of a multiple input linear
system in the stationary case

Xr,i{w) = Fourier transform of the input entering the ¢th port
in the stationary case

Xr7.1.i(w) = Fourier transform of the input entering the <th
port in the transient case

Xr(w) = Fourier transform of a portion of a sample function
of z(t) which is T seclong

w = highest frequency at which an estimate of H(w) is
desired

Wi(w) = weighting function

z(t) = stochastic process representing strains in the air-
craft caused by x(¢)

2:(t) = output due to z;(t)

Zr,ilw) = Fourier transform of the output due to the input
of the ¢th port in the stationary case

Z7, (@) = Fourier transform of the output in the transient

case

Zr.i{w) = Fourier transform of the output produced by the
¢th input in the transient case

Zp(w) = Fourier transform of a portion of z(¢) which is T sec
long

Introduction

PROBLEM commonly occurring in the aircraft industry

is that of obtaining the transfer function relating the
strains in an aireraft structure to the wind gust or disturbance
producing these strains. Time records of the disturbances
2(f) and strains z(f) are made. These time records are then
mathematically operated on to yield the transfer function
H () relating the “input”’ gusts z(t) to the “response’ strains
z(f). When an aireraft is in flight and experiencing at-
mospheric turbulence, z(t) and z(¢) are considered to be
sample functions of stationary stochastic processes. In this
case, the cross-spectrum method is the most widely used
method to estimate transfer functions. Here the power
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spectrum of z(f) and the cross spectrum of z(f) with the re-
sponse z(t) are estimated and their ratio is taken to form the
estimate of the transfer function H(w). When z(f) and z(¢)
are transient in nature, i.e., naturally exist over a finite time
interval, they can no longer be considered stationary sto-
chastic processes. An aircraft subjected to sudden transient
gusts which last for a finite length of time would be an ex-
ample. In this nonstationary case, the concepts of power
spectra and cross spectra become undefined. Hence another
method must be found to estimate H(w).

The well-known Fourier transform ratio method estimates
the transfer function H(w) as the ratio of the Fourier trans-
forms of z{f) and z(f). This method is applicable in both
the case where z(¢) and z(f) are stationary stochastic processes
and when z(¢) and z(f) are transient. Prior to the introdue-
tion of fast Fourier transform techniques,!-? this method was
used only in cases where the sample lengths were very short,
due to the large amount of computer time required. How-
ever, with the fast Fourier transform, both the cross-spectrum
and the Fourier transform ratio methods should take approxi-
mately the same amount of computer time.

This paper presents a derivation of the probability density
of the error term incurred in the estimation of H(w) by the
Fourier transform ratio method. This crror term is derived
in both the case when z(¢f) and z(¢) are considered to be sample
functions of stationary stochastic processes and when z(f) and
z(f) are transient. An averaging technique is then suggested
to reduce the error in both cases. A means to estimate the
size of the error is indicated.

Estimation of Transfer Functions Using
the Cross-Spectrum Method

The cross-spectrum method, although discussed extensively
in the literature,®® will be reviewed here. Throughout the
discussion, it is assumed that H(w) is not a time varying
system. Both z(t) and 2(f) are considered to be portions T
sec long of stationary stochastic processes. An estimate
S..(w) of the cross spectrum of z(¢) and z(f) and an estimate
S.(w) of the power spectrum of z(¢f) are made. Their ratio
is then taken to form the estimate

Before the introduction of fast Fourier transform methods,
the cross spectrum was estimated by computing on estimate
R..(7) of the cross correlation of z(f) and = ()

1 (T—|+)/2 T T

£2 = 7 1 t o I
Bea(r) T — |7| J==lahr2 Z( - 2> x<t 2>dt @
This estimate is then multiplied by an appropriate lag
window D(r) to yield the product D(r)R..(r). Since D(r) is
generally nonzero for only |r| < T., where T, is 5 to 109 of

T, D(r) effectively truncates R..(r). A Fourier transform
is then taken of D(7)R..(7) to yield S..(w);

Sul@) = [0 DEOR..r)er dr )

In a similar manner, an estimate S.(w) of the power spectrum
of z(f) is made by making an estimate of the autocorrelation

1 (T—|rh)/2 T T
L(1) = T - Dar @«
B0 = 7 f—(T—Ir])/Z ¢ (t + 2>x (t 2>d ®
and multiplying B.(r) by D(r). A Fourier transform is then

taken of the resulting product to yield S.{w) an estimate of
the power spectrum of z(f) (Ref. 4);

Tm .
Siw) = [0 R.D@e I dn ©)
The window function D(r) effectively truncates both R..(7)

and R.(7) to a fraction of their original length. Since the
products R.(r)D(r) and R..(r)D(r) must be Fourier trans-
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Fig. 1 The “true input” x(t) produces the output z(?).
Possible sources of noise are n,(t) error in the input mea-
suring instrument, ny(t) error in the output measuring
jnstrument, ni(t) internally generated noise, and n.(t)
unobserved noise from a path different than x.(t).

formed, and the Fourier transform operation is a lengthy one
to perform by conventional digital computer techniques,
this effective truncation greatly reduced the required com-
puter time.

Using the fast Fourier transform, the cross-spectrum
method is implemented by computing the Fourier transforms
Xr(w) of z(f) and Zr(w) of z(t) as follows:

Xotw) = [0, o= ®)
Zotw) = [11 et ar @

If H(w) is to be evaluated from d.c. to Weps and z(t) and 2(t)
are measured for T sec, there will be TW estimates of H(w)
available at frequency intervals of 2r/T. The power spec-
trum of z(f) and the cross spectrum of z(f) and z(t) are esti-
mated, respectively, as

. 1 X 271\ g 2mi
Dx(w>=§]—viz XT(CO“"F)X T<O)+T>><

=N
2w
W (w + 5
) ®

27t 21
su) = g 32w (04 ) 20 (0 ) X
i N

w (w + 2—;:3)

W (w) and N play a role similar to D(r) in that they also adjust
the statistics of the estimates of power spectrum and cross
spectrum.

Thus far, noise in the input and response signals has not
been considered. In practice, noise does exist and there are
several likely sources of this noise. Clearly, part of the
response z(t) may be produced by other sources than the one
designated as “input”’ z(f). Strains can be produced in the
aireraft by forces other than wind gusts. Changes in the
flight controls to keep the aircraft on course can produce
strains. Errors in instrument readings can add noise.
Hence, the response is only partly due to z(f). The rest re-
sults from spurious, unobserved inputs or internal noise.
The sources of this noise are outlined in Fig. 1. As shown in
Fig. 2, the portion of the observed output which is due to the
measured input z(f) is designated as z(f) and the portion of
the output due to any other source is designated n(f). In
other words, there is no loss in generality in considering all
the noise in the output. Thus the time functions one has
to operate on are x(t) and z(f) + n(f). Note from Fig. 2
that if ny(t) > 0, neither 2(f) or z(f) can be statistically inde-
pendent of n(f) since z(t) and z(f) have a component due to
m(t). If the transfer function is estimated by taking the
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ratio of the cross spectrum of the output with the input and
the power spectrum of the input when noise is present, an
estimate H(w) of the transfer function is obtained;

Hy(w) = S..(w)/S.(w) 4+ Snr(w)/S.(w)
= H(w) + Sua(w)/S:(w)

where S,..(w) is an estimate of the cross spectrum of n(f) and
2(t). Themean valueof the error term S,./8S.(w) can be shown
to be zero if z(f) and n(f) are statistically independent. Fur-
thermore, the variance of the error term can be reduced to
an arbitrarily small value as T becomes infinite if S,.(w) is
averaged over a finite bandwidth Aw. The variance is not
reduced if S,.(w) is not averaged over some Aw.®> An indica-
tion of the magnitude of the error term S..(w)/Sz(w) can be
obtained by computing a function called the ‘“coherence
funetion” defined ast

'Yx2k1+n)(w) = iS$(2+n)(w)|2/]Sﬂ"(w)| Sz+"(w>l (10)

This function indicates the amount of noise in the data.
A low value of Y% (z4ny Would mean a large amount of noise
and a high value would indicate a small amount of noise.
Y%y can be used to caleulate quantitative estimates of the
magnitude and phase of the error term S, .4n)(®)/Sz(w).

As the size of the aircraft becomes large relative to the scale
of wind gust velocities, a multiple input model becomes
necessary to analyze the structure. In this case, the system
has inputs z:(f), ¢ = 1, ..., N, and a single output 2(¢). The
problem is to estimate H.(w), the transfer function relating
2;(f) to the portion of z(f) which it produced. The cross-
spectrum method has been extended to this case and “multiple
coherence functions” have been defined to estimate the error
ineurred.3:

&)

Estimation of Transfer Functions Using
the Fourier Transform Ratio Method

To estimate the transfer funetion H(w) by the Fourier
transform ratio method, Zr(w), the Fourier transform of
z(f) and Xy(w) the Fourier transform of z(f) are computed.
Their ratio is then taken to form

H(w) = Zr(w)/Xr(w) 1y
which yields an estimate of H(w) at each value of w for which
X(w) # 0. If H(w) is to be evaluated from d.c. to Weps
and z(t) and z(f) are measured for T sec, there will be TW
estimates of H(w) available at frequency intervals of 2m/T.
In the case where noise is present, an estimate Hs(w) is formed;

Ox(w) = H(w) + Nr(w)/Xr(w)
= H(w) + Er(w)

where Er(w) = Nr(w)/Xr(w).

(12)

ng(t)

n5(t)
xolt)

SYSTEM WITH TRANSFER zott)
FUNCTION  H(o)

NPUT OUTRUT
ME ASURING ME ASURING
DEVICE DEVICE

:

ny (O] nz(t)l__

z(1) =25 (t) enyp( 1)
n(t)=-malt) «ng (1) e ng(t)eng(t)

x1) = x5 e ny (1)

Fig.2 Equivalent case in which all noise is referred to the

output; here x(t) = x(t) + ni(t) is considered the input

and z(t) = z(t) + ny(t) is considered the output where

n(t) is the portion of the output produced by n,(t).

The noise term in the output is then n(t) = —nyu(t) +
ny(t) + ng(t) + ny(e).
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One past objection to this method, namely large amounts
of computer time required to compute Fourier transforms of
samples T sec long rather than 5% to 109, of T as in the
older method, is alleviated by the aforementioned fast
Fourier transform techniques. The other objection is that
the error term Er(w) is not necessarily small” This objec-
tion is a valid one, but detailed analyses of the statistics of the
error term will show that it can be reduced by averaging the
estimate Hi(w) over a suitable frequency interval Aw. In
fact, averaging H.(w) over an interval Aw will make the
error arbitrarily small if T is arbitrarily large. The errvor
term will be investigated in the cases where z(f) and 2(¢) are
stationary stochastic processes and where z(f) and z(f) are
transient. Random errors and systematic errors will be dis-
cussed in both cases. The noise n(f) can have a random
component n/(f) and a systematic component n’’(t). This
will result in an error term

Er(w) = Nr(w)/Xr(w)
N'p(w)/Xr(w) + N"'r(w) /2 r(w)

Both kinds of error will be analyzed separately.

Il

(13)

Statistics of the Error Term When x(t)
and z(t) are Stationary

Both z(f) and z(¢) will now be considered to be normal sta-
tionary stochastic processes. To analyze the case where
n'(t) is random noise, n’(f) will be assumed to be a stationary
normal stochastic process of zero mean which is statistically
independent of x(f) and z(f). It is shown in Appendix A
that the probability densities of Xr(w) and N'r(w) are Ray-
leigh distributed in amplitude and uniformly distributed in
phase;

2| X r(a)]

pl|Xr(w)]] = 0T o= X7@)12/Q:T (14)
pl£Xp(w)] = 1/27

2N , ) N
pHN’T(w)H = La’/?‘;‘))“ e—]AV T(w){2/In’1 (15)

pl[4N'p(w)] = 1/2%

for w < 2aW where W is the upper limit of the frequency
range over which H(w) is to be estimated. @, and Q. are
the areas under the autocorrelation functions of n’(f) and
x(t), respectively.

Note.that the probability density of Xz(w) and N'r(w) is
a function of the sample length T. As T increases, the vari-
ance of both Xr(w) and N'r(w) will increase in the same
manner. Hence, both X7(w) and N'r(w) will “grow” at
the same ‘“‘rate” as T increases. N’'r(w) is now divided by
Xr(w) to form the error term E'r(w). It is shown in Ap-
pendix B that the probability density of the amplitude of
E'r(w)is

KQ./\E'y
PIE=(@] = ’2‘@?[’|E'T<3>!i/2 T
for |E'#(w)| < C
plE"2(@)]] = 0 for [B'r(w)] > €
and that the probability density of the phase is
plZE'r(w)] = 1/27

The fact that E'r(w) is always less than a constant C stems
from practical considerations. The only way by which
E’'7(w) can become arbitrarily large is for N'r(w) to be arbi-
trarily large or X r(w) to become arbitrarily small. If N'r(w)
is arbitrarily large for a particular , then n’(t) has some
arbitrarily large frequency component. If this is the case,
the dynamic range of the recording device would limit the
observed magnitude of n’(f). On the other hand, if Xr(w) is

(16)
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very small or zero at a particular w, then effectively there is
no input at  and no estimate of H(w) at w can be made.
Hence E’r(w) will be bounded since |N'z(w)| is limited by
the dynamic range of the recording medium and any estimate
of H(w) is disregarded at values of w for which Xr(w) is
small. The constant K adjusts the probability density to
take this effective truncation of |E’r(w)| into account.
Sinee it is not important to the following discussion, no
attempt will be made to estimate K and C. Since E'7(w)
is uniformly distributed in phase, its mean value is zero as
shown in Appendix B. The placing of an upper bound on
|E'r(w)] has effectively given E'r(w) a variance, say o’2

Note that the probability density of E’r(w) is independent
of T. However, since the probability densities of N’'r(w)
and Xr(w) indicate that N'r(w) and Xr(w) “grow” in the
same manner as T increases, one might expect their ratio to
be ‘independent of T. The probability density of E'r(w)
being independent of T indicates that if H(w) is estimated by
taking the ratio of Zr(w) + N'7(w) to Xr(w), nothing is
gained in error reduction by taking longer samples so long as
T is long compared to the memory of the system. No use
is made of the additional information provided by increased
sample length. However, it will be shown that if Hs(w) is
averaged over a suitable interval Aw, the error term will de-
crease as T increases.

Now the error term E’'7(w) due to the systematic noise will
be analyzed. E’'r(w) is given by

E"r(w) = N"'r(w)/Xr(w) (17)

where N''r(w) is the Fourier transform of »'’({), the system-
atic component of the noise. The systematic noise can be
due to several sources such as calibration errors in the mea-
suring instruments. Since no statistical information is
available for a systematic error, n’’(¢) will be considered to be
a deterministic process. Hence E''r(w) is the ratio of a
deterministic function divided by a random variable which
makes ' r(w) a random variable. The probability density
of B r(w) is given by

2}1 ”T(wwy2 [ —-'1\/”1'((.0)'2 }
«]”, Ny = _Z - i . Y
E'p(w)]) = Q.TIE" o(w)]? exp QIT[EA"T(&))P (18)

and p[2E"r (w)] = 1,/27.

The uniformity in phase of E''7(w) makes its mean value
zero. In the strict sense, £''r(w) has no variance. How-
ever, since small values of Xr(w) are disregarded, and the
dynamic range of the recording medium limits the observed
values of the noise, E''r(w) can be assigned variance ¢’’2
These arguments are similar to those assigning a variance
to E'r(w). The details of the derivation of the probability
density of E''r(w), its mean and variance are given in Ap-
pendix C. In contrast to E'r(w), the probability density of
E'' r(w) is not independent of 7. This follows from the fact
that no probability density was assumed for n’'(f) as was
assumed for n’({). Hence, x(f) and n’’({) need not grow in
the same manner as T increases, and T would not cancel
when their ratio is taken. It is shown in Appendix ‘A, that
the preceding expressions for the probability density of the
error terms are only exactly true for values of w which are
multiples of 27 /7.

p(

Statistics of the Error Term When x(t)
and 5(t) are Transient

In the previous section, xz(f) and z(f) were assumed to be
stationary stochastic processes. This assumption is fre-
quently used for aireraft in service experiencing atmospheric
turbulence. However, in certain situations, such as loading
by sudden wind gusts, z({) and z(Z) naturally exist for only a
finite time period 7. 1In no sense can z(¢) and z(f) then be
considered stationary. One approach in handling such
problems is to consider z(f) and z(f) nonstationary processes
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whose probability of occurring outside of the interval —7/2 <
t < T/2 is zero. This approach involves the very complex
field of nonstationary processes and will not be attempted.
Instead, no statistical information will be assumed for xz(¢)
and z(®), Le. they will be thought of as determinisitic but
unknown processes. The noise term n(t) will still be . com-
posed of a random term »’(f) and a systematic term »''(?).
Tt will be seen that this restricted case yields useful results.

First the random component of the error term will be
analyzed. This component is given by

E'r (@) = N'r(w)/Xr,(0) (19)

where the subseript £ denotes the transient case. N’r(w) has
been shown in Eq. 15 to be Rayleigh distributed in amplitude
and uniformly distributed in phase. Since 1/X 7 (w) is a
deterministic coefficient of N'r(w) in the term E’'z (w), the
probability density of the amplitude of E’r (w) is also
Rayleigh

pHE,T,t(w)“ =
ZiE’T,,(w) \XT,i(w)P —]E’T,t(w)HXT,,(w)!2
QuT eXp[ QuT ]

and the phase of E'7,(w) is uniform

plLE'r ()] = 1/21

(20)

Hence, £'7,.(w) has a zero mean and variance given by
o2 = (2 — 7/2)QuT/2X 1, i(w)|2

In the transient case, the probability density of the random
error term is dependent on 7 in contrast to the error term in
the case of stationary inputs.

Little can be said about the component of the error term
due to systematic error, namely

E"r (w) = N'"r(w)/Xr,{w) @1

No statistical information has been assumed for either N/ 7(w)
or Xp,{w), so E"r(w) cannot be treated as a random
variable. However, it will be shown that error reduction
procedures described below will likely reduce this error what-
ever it turns out to be.

Reduction of the Error Term

The error reduction procedure described below will reduce
the error incurred in the estimate Hy(w) in both the case of
stationary and transient inputs. Quantitative estimates of
the amount of error reduction can be obtained for the errors
E'p(w), E" r(w), and E'r,(w). Since the error term E'’p .(w)
is not a random variable, no estimates will be made of the
amount it is reduced. It will be clear, however, that this
procedure will reduce the component of the error due to
E’p (w). The error reduction procedure will be discussed
in terms of Ep(w) which in the stationary case will include
E'r(w) and E''r(w) and in the transient case will only
E'p (w). Since the means of each of the components of
Lr(w) are zero, the mean of Er(w) is also zero. The variance
of Er(w) will be denoted by &2

It is shown in Appendix D that values of Er(w) are sta-
tistically independent at multiples in frequency of 2m/T.
The reduction procedures below will only apply those fre-
quencies which are multiples of 2x/T. If T is large com-
pared to the duration of the impulse response of the system,
one would expeet H(w) to vary little over frequency intervals
of 2r/T. 1If the estimate Hs(w) is averaged over an interval
Aw which is large compared to 2x/T, but not so large that
H(w) varies appreciably over Ao, the transfer function will
be affected little by the averaging whereas Er(w) will be
reduced. For example, consider the following average of

ATAA JOURNAL
Hy(w) over Aw:

N q/2 . :
[5() Jove = H2<w + gﬂ)
q; /2

_ T
=—q
(22)
1 ¢/2 ( 27ri> _ ( 211
= - H + =)+ E -
q ¢=Z:q/2 @ T e+ T)

where ¢ = Aw/2r/T = (Aw)T/2m. Here, values of Hy(w)
spaced 2w/T apart in an interval Aw are averaged. Since
Aw has been chosen so that H(w) varies little in this interval,
it follows that

1 ¢/2 2
Log H(w + —;rf) ~ H(w) 23)
¢ t=—gq/2

Equation (13) now reduces to

N /2 _ ;
@) loe = H@) + 2 3 ET(w + @) @4)
T i="Zys2 r

The new error ferm
1 2 2mi
LS ET<w + _;) 25)
T i="=g/2

will have zero mean, since Er(w) has zero mean. Since the
values of Er(w) are independent at frequency multiples of
2m/T, the variance of the new error term is reduced by a
factor 1/¢

1 2 - 27i\|? i 72
F2ve = |- Er — = — = 26
7 <[‘] 75=§—:q/2 1<w * T )1 > q TAw (26)

where 32, is the variance of (25) and () denotes the expected
value.

In theory, the error term can be made arbitrarily small for
T arbitrarily large. The variance also decreases as 1/Aw.
Hence it is desirable to make Aw as large as possible so long
as H(w) varies little over Aw. Properly choosing Aw re-
quires an a priori knowledge of the amount of variation of
H{w) with Aw. However, for systems like aireraft struc-
tures, past experience from other aireraft will give one a
“feeling” of how rapidly H(w) fluctuates as w varies so that
a safe value of Aw can be chosen.

The average of Hi(w) described previcusly was an un-
weighted average. The average, of course, could be a
weighted average of the form

/ 0 7{-.
Ao oe = 5 112(w 4 3%?)11'@ + Z—TZ> @7

i=—q/2

where W(w) is a suitable weighting function which is non-
zero only over a frequency interval Aw. Since H(w) will
vary some over Aw, it may be desirable to use a weighting
funetion which gives more weight to values of the estimate
HAy(w) close to the particular frequency at which H (w) is being
estimated. The amount of error reduction will vary with
the weighting function used.

The error due to E''r .(w) will likely be reduced by this
averaging procedure. This procedure simply averages the
error over an interval in the frequency domain and thereby
reduces it. In general, averaging any complex function
over an interval will reduce the value of that function due to
cancellation of the various components during averaging.
The more the phase of the function varies over the interval
the greater will be the reduction. Since no information has
been assumed about E’'r ;(w) the amount of reduction cannot
be estimated but it is likely it will be reduced somewhat by
the procedure.
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Confidence Levels

In order to assess the reliability of the estimates of the
transfer function, it is necessary to assign confidence levels to
the estimates of its amplitude and phase. If the second
moment of the error term is known, the confidence levels can
be determined from Chebyshev’s Inequality which states

plEr(w)| < €] > 1 — (Er(w)|?)/e (28)

This expression will give a lower bound to the probability
that the amphtude of H(w) will be in the interval [|[f, (w)[ —
€, |Ho(w)| + €] and that the phase of H(w) will be in the
interval [LHo(w) — tan~! e/\Hz w)l, Ayw) + tan—t ¢/
|[H:(w)|]. These intervals follow from the fact that the error
term will have the greatest influence on the estimate of the
amplitude of H{w) when Er(w) is 0° or 180° out of phase
with H(w). The error term will have the greatest influence
on the phase estimate of H(w) when the phase of Ep(w) is
490° out of phase with H(w).

It now remains to estimate the seecond moment /| Er(w)|2) of
the error term which is equal to &* since the mean of Er(w)
is zero. The second moment could be calculated directly
from the probability density of Lz(w) if the constants Q.
Q., K, and C were known. An eagier, although indirect
means to estimate the second moment is to form

(o) lave — Ho()|) = ([Er(w)]ave — Er(w)]?) (29)

where Hz(w) is the estimate of H(w) before averaging and
[H, (@) Jave is the estimate after averaging. For simplicity
let [Hy(w)lave be the unweighted average of the estimate
although similar results can be obtained for weighted averages.
Then

_ q/2
[ET(w)]ave = g Z/ ET<CU + —_> (30)
¥ 5=—g/2

and (29) becomes

G1H2(6))ave — Ho(@)|? = ([Er(w) lave|?
[Er(@) *— [Er(w)]*ue[Er(w)]

- [ET(CU) ]ave X

- )t x
= “Q/Z (31)

w+2ﬂ >—< e x
i=—q/2

[ET<w + 21’)] > + 5

Since Er(w) is independent of Er(w + 2ri/T) for 4 = 0 and
w ¢ multiple of 27/T and since both terms have zero mean,
then (31) reduces to

ﬁZ ave_'ﬁ2 2=t'f_2_6‘_2_6;2 52
(|[H2()] (@)|% . ‘ . + 5 -
= 5-2 <]_ — 1)
q
Hence 52 is
G = <HH2((-‘)> ]ave - FIZ(LO)P) (33)

1 —1/q

The variance 52 has now been found in terms of (|[ H2(w) Jove —
Ax(w)|%. The remaining problem is to estimate (| [H2(e) Juve
- Hz(w)|2) Since samples of [Hy(w)]ave and Hi(w) are
available at intervals in w of 27/T, a reasonable estimate
of (l [A2(6) Jave — H2(w)|2> is to average values of the difference
l(Hz(w))me H,(w)|? at each flequency for which [H(w)lave
and Ha(w) are available, forming the following estimate S

S0 = STAW 2
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of ({[H2(w) lave — Ha(w)|®):

& [ -7)
). -+

2

1TW

TWZ

2

va the statistics of Er(w) are independent of « and as is the

case when Er(w) is only composed of E’7(w), the limits of the
summation can be 1 and TW as shown previously. The
variance 52 of Er(w) might vary with w in the stationary case
when E''7(w) is nonzero or in the transient case. In this
situation, the limits of the summation would have to such
that the summation ranges only over the interval in fre-
quency that 62 is constant. In other words, several estimates
would have to be made of 52 over intervals in w from zero to
27W. The estimates would have the form

(oL
(o)

where S; is the estimate of ¢, the average variance of the
error term in an interval 2rAW side centered at w;. Since
values of Er(w) have been shown to be statistically inde-
pendent at multiples of 27 /T, the mean of S; can shown to
be {|[H2(w)lve — Ha(w)]?) and the variance of S; can be
shown to decrease as 1/2TAW.? Similarly, the mean of S is
the quantity we are estimating and the variance of S de-
creases as 1/TW.,

1 TAW

Multiple Input Linear Systems

As mentioned in the discussion of the ecross-spectrum
method, a multiple input linear system often becomes neces-
sary to analyze an aircraft. Here, the problem is to find
the transfer function H:(w) which relates the input z;(f) to
the portion of the output z(¢) which it produced. In Refs.
3 and 6, the cross-spectrum method has been extended to this
case.

So far, the Fourier transform ratio method has been dis-
cussed only for the case of a single input and single output.
However, if the inputs z.(¢) are statistically independent of
each other, then the multiple stationary input case can be
treated in the same manner as the single input case. In the
case of multiple stationary inputs, an estimate Hsi(w) of
Hy(w) is formed as

Hop(w) = Zo(w)/Xrp(w) + E'r(0) + E"p(w)  (34)

where X7 i(w) is the Fourier transform of zx(t). 2(f) is the
output due to all the inputs, and therefore
N
2t) = 2 #)
i=1
and (35).

N
Zrp(w) = Z Zr,{w)

i=1

where Zr,;(w) is the Fourier transform of z;(f), the portion of
the output due to x;(f). Substituting (35) into (34), Hs,x(w)
can be written as

Y
Ha1(@) = Zrp(w)/Xru(w) + Z Zp,i(w) [ Xrp(w) +

=
E'r(w) + E"r(w) (36)

Ho(w) = Hi(w) + E"'1(w) + E'r(w) + E"r(w)
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where Conclusions
N
E"r(w) = Y. Zr,iw) (37) The well-known Fourier transform ratio method of esti-
i=1 Xri(w) mating transfer functions has been made computationally
ik

In other words, when H.(w) is estimated, the outputs other
than 2.(t) act as noise terms. In the stationary case,
if the inputs z:(f) are zero mean, independent, normal sto-
chastic processes, the outputs z;(t) are also zero mean, inde-
pendent, normal stochastic processes. Hence the statisties of

N

> Zri(w) (38)

i=1

ik
are the same as N'r(w) which implies that E'"’r(w) has the
same statistics as E'r(w). Therefore, in the multiple sta-
tionary independent input case, the error term E’''r(w) ean

be considered a component of the error term £'r(w). Then
the estimate I3 »(w) takes the form

Hop(w) = He(w) + E'r(w) + E'7(w) (39)

where E’p(w) is amended to include E’''r(w). All of the
error reduction and estimation operations discussed in the
single input case can now be applied to the multiple input
case when the inputs are statistically independent of each
other.

The Fourier transform ratio method can be extended as
indicated previously to the case of multiple inputs in the sta-
tionary input case when the inputs are statistically inde-
pendent of each other. Further analysis is needed to extend
this method to the case of correlated inputs. In contrast,
the cross-spectrum method has been extended to the case of
correlated multiple inputs as indicated in Refs. 3 and 6.

In the case of transient inputs, the multiple input case also
reduces to the single input case. The estimate Hsi(w) can
be written as

Hanl@) = Zr.(w)/Xr.0n(e) + E'rdw) + E"r.(c) (40)

where X, x(w) is the Fourier transform of the transient in-
put 2:(f).. In analogy with the stationary input case, the
total output is the sum of the outputs due to each input

N

2 = 3wl

i=1
and 41)
N
Zr@) = 3, Zr,e:(w)
7=1

where Zr, . :{w) is the Fourier transform of z,(f), the portion
of the output due to z:(t). H 2,k(@) can now be written as

N
ZZT,t,i(w)
5 Zr z,h(w) 2;&1 ’
Hyp(w) = Xr.oa(e) X7.0(e) + By w) + F'r (w)

(42)
= Hy(w) + E"'7,4(w) + E'r,(0) + E'7 (w)

The new error term E'’'r,,(w) is not a random variable since
both its numerator

N
Z ZT, t,k(w)
oy

and denominator Xy ;,(w) are deterministic. Hence
E" 7 () has the same character as E'7 (w) and therefore
can be lumped together with it. H,i(w) then takes the
form

H:i(w) = Hi(w) + B'r,dw) + E'7,(w)

where E’'r (w) now includes E’'7, ().

feasible for problems involving large quantities of data by fast
Fourier transform techniques. This method provides a
means of estimating transfer functions when the input and
response measurements are either stationary stochastic pro-
cesses or transient processes. In this paper, the error terms
resulting in both cases have been derived. An averaging
technigue has been developed to reduce the error term and
method presented to estimate the size of the error. The
error reduction and estimation procedures are applicable in
both the stationary and transient cases.

In the case of stationary inputs, the Fourier transform ratio
method appears to be analogous to the more common cross-
spectrum method. Both have error terms of zero mean
value when the noise, referred to the output shown in Fig. 2,
is statistically independent of input and response. Using
the fast Fourier transform, both would likely take about
the same amount of computer time. The window function
D(r) reduces the error through averaging in the cross-
spectrum method in a manner similar to the error reduction
procedure suggested for the Fourier transform ratio method.
Both procedures have methods of estimating the size of the
error. Both methods can estimate transfer functions for mul-
tiple input systems if the inputs are statistically independent.
The cross-spectrum method has been developed in the case
of correlated inputs whereas the Fourier transform ratio
method has not. It is felt that the primary advantage of the
cross-spectrum method over the Fourier transform ratio
method for stationary inputs is that it has been further de-
veloped theoretically. The statistics of the Fourier {rans-
form ratio method appear somewhat simpler, however.

In the transient case, the concepts of power spectra and
cross spectta are undefined: and hence the cross-spectrum
procedure is not applicable. This paper shows that the
Fourier-transform-ratio method is a valid estimation pro-
cedure in this case. The mean value of the random error
incurred is zero. The systematic error is difficult to treat and
was only discussed qualitatively, The method was ex-
tended to the multiple input case, and the mean value of any
normal stationary noise was shown to be zero. However,
error due to other noise was only qualitatively treated.

Appendix A: Derivation of the Probability
Density of NV ;(w) and X (w)
Since similar assumptions have been made about the

probability densities of n’(t) and z(f), namely that both are
normal stochastic processes of zero mean, the form of the:

probability density of Xr(w) will be the same as N'r(w).

Therefore, the probability density of N's(w) will be derived
and the derivation of the probability density of Xr(w) will
be similar.

First of all, n’(f) will be represented in the interval of
measurement (—7/2,T/2) by a Fourier series whose funda-
mental frequency is wy = 2w/7. Since the input and response
are filtered to remove frequencies greater than Weps, the
portion of n’(t) which is measured will only have frequency
components up to Weps and the series will only have N + 1
terms

N
n'() = Y a; cosiwet + by siniwgt for [f] < T/2 (A1)
i=0
where

~—ng/2 "(t) costewtdt
aI—T _T/2n()coszw0

2 2, :
b, = T f ™ (t) costiwoldt
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N = 27W/wa

Since n'(f) is normal with zero mean, it follows that a; and b;
are gaussian with zero mean. Since we are only dealing
with n’(¢) in the interval (— T/2, T/2), let us consider n’(t)
to be periodic with a period of 7. Then it follows that

(@iag) = (bibs) = 0

= a? 1=7 (A2)

(aib,-) =0

where «? is a constant.’® Taking the Fourier transform of
(A1), N'7(w) is obtained;

T/2

~T/2

fors > j

for all 7 and j

N'p(w) = n' (et dt

N

T/2 . .
> (aif costwgle 79t di +
i=0 —T1/2

T/2 . )
bs f sintewgte ~Jwt dt)
—T/2

Va7 [sin(w — twy)T/2
“ 2 [ (& — i) T/2
sin(w -+ iwo)T/2] _JjbT [sin(w — ) T/2
(w + tw)T/2 2 (w — Twe)T/2
sin(w + tw)T/2
(0 + w0 T/T] (A3)

|-

The probability density of the real and imaginary parts of
N'7{w) will now be found. Sinece a; is gaussian and accord-
ing to (A2) a; and a; are uncorrelated for ¢ 7, then a; must
be statistically independent of a; for ¢ ¢ 7.'* Hence, the
real part of (A3) is a sum of independent gaussian random
variables and, therefore, it too must be gaussian. Similarly,
the imaginary part of (A3) is seen to be gaussian. Since the
means of a; and b; are zero, the means of the real and imagi-
nary parts of (A3) must also be zero. The variance of the
real part of N'p(w) is

% a;T [sin(w — Gwe)T/2 . sin(w 4 iwo)T /2] 2> ~
= 2 L (0 — 1eg)T/2 (w0 =+ Te00) T/2 -
T X [sinlw — {wg)T/2 | sin(w + 1wy T/272
1 i:O[ (@ — i) T/2 T (ot i T/2 J (Ad)

Similarly, the variance of the imaginary part of N'7(w) is seen
to be

arTe X [sin(w — iw)T/2  sin(e + iwo)T/2]2 (85)
4 Al (@ —iw)T/2 (w -+ tw0)T/2

Now the probability density of both the real and imaginary
parts of N'r(w) has been shown to be gaussian with mean
zero and variance given by (A4) and (A5), respectively.

Note now that variance of the real part of N'r(w) is equal
to the variance of the imaginary part at values of @ which are
multiples of 2r/T. At these values, the variance is equal to
o*T?%/4. Secondly, the real part of N'r(w) ean be seen to
be uncorrelated with the imaginary part, since {a:b;) = 0.
Therefore, the real part is statistically independent of the
imaginary part since uncorrelated gaussian random variables
are independent.

An expression for a? in terms of Q.,, and T will now be
found. By definition from (Al)

?

2 = (o) = <2—fT/2 n'(t) costwoldt

TJ-1/2
4 prr/2 , . :
=T f f 1 {n'(t)n' () costwly costwladtidl,  (AB)

Q
it
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In order to evaluate (A6), let us assume that n’(f) has ap-
proximately the same autocorrelation as white noise. Then
it follows that

(n'(t)n' () = 8(t — t2)Qu (A7)
where Q.. is the area under the autocorrelation function of
n'(1).

Substituting (A7) into (A6), we obtain
’ _AQ. 12 ) 2Qn
a? = T2 f—T/Q cosMwotdt = —f— (AS)

Hence, at multiples of 27/7T, the variance of the real and
imaginary parts of N'r(w) is Q..T/2.

Now the real and imaginary parts of N'r(w) have been
shown to be statistically independent of each other. Both
parts have also been shown to be gaussian with mean zero
and variance equal to Q..T/2 at multiples of 2x/T. Hence,
it follows that N'r(w) at multiples in w of 27/T is Rayleigh
distributed in amplitude!?

PIN'2@)]] = [2N'2(w)]/TQu]e~WT@I/eT  (79)
and uniformly distributed in phase
p[ 4N r(w)] = 1/27 0 < 4N'p(w) < 2
In a similar manner, it can be shown that
plXr(@)]] = [2/X2(w)]/TQ.Ie~1XT@I/eT  (10)
and
pl£Xr(w)] = 1/20 0 £ £LXr(0) £ 27

It should be noted that the preceding expressions are exactly
true only when w is a multiple of 2x/T since the variances of
the real and imaginary parts of (A3) are only equal at these
values of w.

Appendix B: Derivation of the Probability
Density of E’ ()

It has been shown in Appendix A that the probability
density of N'r(w) is

PIN'2(@)]] = [2|N'r(w)]/Qu T e~ IWTWIE/T

B1
pl4ZN'v(w)] = 127 (BL)
and that the probability density of Xz(w) is
Xr = [2|Xr LT le~ 1XT(@) QT
p[[Xr(@)]] = [2[Xr(w)]/Q.T1e ©2)

p[£Xe(w)] = 1/27

Now the probability density of E’r(w) will be found.
The probability density of the amplitude of E'z(w) will be
found first. It is shown that!?

plE' ()] =
[, X @1 X e @ B r(@)] | Sr@)] X 2()] B3)

where p[|N'z(w)|,|X r(w)|] is the joint probability density of
[N'7(w)| and |Xz(w)|- Since |N’r(w)| and | Xr(w)| has been
assumed independent, then

plIN'2(@)}| X (@)l = p[N'2(0)| [ Xz(w)|] (B4
Substituting (B1, B2, and B4) into (B3) and simplifying, one
obtains

pllE'r(@)]] = %%ﬂm [X ()]s e~ ET@I/Q:T
— ,T 2 X p(w)|?
expl: |E (g)}T[ ()]

] dXz(w)| (B5)
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Equation (B5) can be integrated by parts to yield

IE,'I'(“)>1Q1L' [ 1 2 I
20.  LIE@l2 + Qnr/2Qx] (B6)

Noting that the phase of E’'r(w) is the difference of the
phase of N'r(w) and Xr7(w), the probability density of the
phase of E’z(w) is found by convolving p[£N’'r(w)] with
the p[— £X7(w)]. Since the phases of N'z(w) and Xr(w)
are statistically independent of each other and uniformly
distributed from zero to 2w, it can readily be shown that the
probability density of the phase of E’r(w) is triangular and
given by

PlE z(w)]] =

p@ = —(1/4x%0 4 1/2r 0L 60 < 27
(1/4n%8 4 1/2w —2r<68<0 (BN
=0 6] > 27

where 8§ = ZE’r(w). However, this particular triangular
probability density is also equivalent to a uniform density
from zero to 27 due to the ambiguity of phase. Since it is
impossible to distinguish between a particular phase angle
0 and 6 — 2x, we can add the probability densities of 6 and
6 — 27 to obtain the total probability density of the particu-
lar phase angle occurring. It then follows that

p@) + p(@ — 27) = —02/4x2 + 1/27 +
1/47%)(@ — 27) + 1/27
=127 0<6<2nr

Hence the probability density of £E’r(w) is uniform between
zero and 27 with a value of 1/27.

The mean and variance of the probability density of
E’r(w) will now be derived. The mean is seen to be

(B'1(w))y = (|E'r(w)] cosd) + j (E'r(w)| sinb)

(B r(w)|)cosh) + j{E'r(w)])(sing)

where § = ZE'r(w). Since 8 is uniformly distributed be-
tween 0 and 27, both {cosf) and (sinf) are zero. Hence

(E'r(w)) =0

The variance of E'r(w) is given by

o I |E'z()*d| B r(w)]
o [E T(w)] - j:) QQIQIL'HE’T(O))12/2QYL’ + 1/2Qx]2

Equation (B8) can be reduced to the following form with the
aid of integral tables*:

2T _ o |B'r(w)| d|E'r(w)]

B ()] = [fo I
Qv (= |E'r(w)d|E r(w)] ]2Qn,
Q. Jo [Q./Q. + |E'r(w)]?]2] Q.

The first integral in (B10) diverges while the second con-
Eel;%es, and hence the variance of E’r(w) is infinity or unde-
ned.

The preceding derivation did not take into account the
practical fact that |E’'r(w)| must be less than some fixed
value. As explained earlier in the main discussion, the only
way by which |E’z(w)| can be arbitrarily large is for N'r(w)
to be arbitrarily large or Xr(w) to be arbitrarily small.
The former is ruled out by the limited dynamic range of the
recording media and the latter ruled out, since estimates of
H(w) are disregarded when |Xr(w)| is small. Therefore, in

(19)

(B10)
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reality the probability density of |E'r(w)]| is given by

N ~ KQu |B' ()]
PUE N = 50 8w /2 + Q.75 F

for IE'T(w)l <C
and p(E'r(w)]) = 0 for |E'r(w)| > €

The constant K is chosen to keep the area under the prob-
ability density equal to unity and C is the maximum value
of |E'r(w)|. Since the derivations in the report do not re-
quire C and K to be determined, no attempt will be made
to do so. Since |E’z(w)| has been truncated at C, the prob-
ability density now has a variance which will be denoted by
o'

(B11)

The probability density of E'r(w) is a special case of a more
general probability density known as the complex Wishart
probability density. This more general probability density
can be shown to reduce to Eq. (B6).*

Appendix C: Derivation of the Probability
Density of E’' 7(w)

The error term E’/7(w) is defined as
E"p(w) = N"z(w)/Xr(w) (C1)

which is a deterministic function N''7(w) divided by a ran-
dom variable Xr(w). In Appendix A, Xr(w) is shown to be
Rayleigh distributed in amplitude

plIXr()|] = [2|X2(w)|/Q.Tle = XT@IQT — (C2)
and uniformly distributed in phase;
pl£Xr(w)] = 1/2w

It follows! that the probability density of the amplitude and
phase of E’'r(w) is given by

2IN " p(w)|? l: — [N r(w)|? :I
D4 ) GBI o2 N Y T\

pH T(w)H QthE”T(w)l?’ exp QzT\E”T(w)P (C3)

pl£E"z(w)] = 1/27
Since E''z(w) is uniformly distributed in phase, the mean of
E' p(w) is zero.

The variance of E''r(w) is given by
iN”T(w)P

Q:Tv

where v = |E''z(w)] in the integrand. Using the substitu-
tion y = 1/v, this integral reduces to
Ny (w)]?

E[|E"1(w)]?] = 2 fo LQ‘E* ¢~ IWNTT@I/Q:T gy (C5)

ElE" r()]?] = zfo‘” e~ INT@I/QTY 4oy (CA)

Now let
£ = [N"1(w)]/QT
then Eq. C5 becomes

BUE sl = 2 [ Eeenay

" 11 ©® (——1)”(51/21/)2” 1
- zg{lné’y]o+ 2 W]ﬂ

n=1
+2fw§e—£y2dy
Ly

which diverges since the log of zero is undefined. But the
only situation for which y = 0 will be when X r(w) = 0 or
N'p(w) = o. As peinted out in the discussion of E'r(w),
values of X r(w) which are very small are disregarded and the
dynamic range of the recording media limits the observed
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magnitude of N''r(w). Hence y in (C5) is never zero and
the term E'’7(w) has a variance denoted by o'’2.

Appendix D: Proof that E;(») is Statistically
Independent at Multiples in « of 27/T

In the case of stationary inputs and responses Er(w) can
be written as

Er(w) = E'r(w) + E"r(w)
= N'r(w)/Xr(w) + N'"r(w)/Xr(w)

E’7(w) will first be shown independent at multiples of 2x/7T,
then the same will be shown for E’/r(w).

It has been assumed that N’r(w) is independent of X 7(w).
To prove that E'r(w) is independent at multiples in w of
2n/T, it remains to be shown that N'r(w) is independent of
itself in multiples in w of 2/ T and that X r(w) is independent
of itself at multiples in w of 27/7.

In Eq. (A3) of Appendix A, the following expression was
derived for N'r(w):

X aT [sin(w — iwy) T/2

Nrw) = Z:O 2 | (0 — iwn)T/2

sin(w -+ iwo)T/Q] _gbT [sin(w — twyT/2
(o + tw0)T/2 2 (0 — 1w)T/2
sin(w 4 1we)T/2
] ©D

N'r(w) is summation of terms of the form sinz/x centered
at frequency multiples of 27/T. Since uncorrelated gaussian
random variables are independent, it follows from Eq. (A2)
of Appendix A that the coefficients of the sinz/z terms cen-
tered in the interval zero to 2orN /T are also independent.

Note that at multiples of 27/T, the only contribution to
N'z(w) is made by the main lobe of the sinx/z funection
centered at that frequency. Since the height of the main
lobes are independent at multiples of 2x/T, it follows that
N'r(w) is independent at multiples of 27/T from 0 to 2aN/T.
A similar argument will show that the values of Xr(w) are
independent at multiples of 2x/T. Hence, values of E'r{w)
can be concluded to be independent at multiples of 2w/7T.

Xr(w) is independent at multiples of 2x/T. Tt immedi-
ately follows that a E''r(w), which is composed of the de-
terministic N''7(w) divided by Xr(w), is also independent
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at multiples of 27/T. In the transient case,
ET(Q}) E"T,t(w)
N'r(w)/Xr,(w)

Er(w) is composed of the random variable N'7(w) divided
by the deterministic X7 .(w). Since N'r(w) is independent
at multiples of 2x/T, Er(w) must be independent at those
same frequencies.

I
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